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Abstract. We define global Weyl modules for twisted loop algebras and analyze their high- 
est weight spaces, which are in fact isomorphic to Laurent polynomial rings in finitely many 
variables. We are able to show that the global Weyl module is a free module of finite rank 
over these rings. Furthermore we prove, that there exist injective maps from the global Weyl 
modules for twisted loop algebras into a direct sum of global Weyl modules for untwisted loop 
algebras. Relations between local Weyl modules for twisted and untwisted generalized current 
algebras are known; we provide for the first time a relation on global Weyl modules. 



1. Introduction 

Let 3 be a simple compex Lie algebra. The representation theory of the loop algebras g ^ C[t^^] 
(denoted by L{q)) has been an active area of research for several decades. The global Weyl 
modules, initially defined in [CPOlj . have played a prominent role in this theory since their 
introduction over ten years ago. 

The global Weyl modules are naturally indexed by the dominant integral weights of g. For 
such a weight A, the corresponding global Weyl module VF(A) was originally defined as a certain 
maximal integrable highest weight module generated by a non-zero vector of weight A. But this 
module can also be defined as a projective object in a category of locally finite representations 
for L{q) ( [CFKlOj l. 

The study of Weyl modules was motivated by the representation theory of quantum affine 
algebras, and in fact certain quotients of the global Weyl modules (the local Weyl modules) 
are q = 1 limits of simple representations of quantum affine algebras. But these local Weyl 
modules are not simple as modules for the loop algebra in general. In fact, the category of 
finite-dimensional modules for L{q) is not semi-simple, and the local Weyl modules are in some 
sense the largest indecomposable highest weight modules. The calculation of their dimension 
and character has led to a series of papers f jCPOlj . |CL06j . |FL07j . [Nao] . [BN04]). 
Although the global Weyl module W{X) is an infinite-dimensional module, it was shown in 
|CP01| that its highest weight space A;^ is isomorphic to a Laurent polynomial ring in finitely 
many variables, and any local Weyl module can be obtained from a global Weyl module by ten- 
soring the global Weyl module with Ax/m, where m is a maximal ideal of A;^. This construction 
justifies the terminology local and global Weyl module. In the aforementioned series of papers, 
it was shown that the dimension and g-character of a local Weyl module is independent of the 
maximal ideal; hence the global Weyl module is a free module of finite rank for the algebra A^. 
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We describe several ways to generalize the notion of a global Weyl module, all obtained by 
generalizing the Lie algebras g(8iC[t^^]. The algebra C[t^^] can be replaced with a more general 
algebra. The first step in this direction was made in [FL04j . where global Weyl modules for 
Q A are studied when A is the coordinate ring of an affine variety (the generalized current 
algebra Q A can be viewed here as the Lie algebra of maps from Spec A to q). It was shown 
here that the global Weyl modules exist and are non-zero. In [CFKlOj . this direction was further 
generalized, by taking for A any commutative, associative and unital algebra over C. Global 
Weyl modules and the algebras were defined, and homological methods were developed for 
the further analysis of all of these modules. In this paper (and also in |FL04j ) it was shown 
that the global Weyl module is in general not a free right A^-module - this may be a special 
property of the case when A = C[t^^]. 

We mention several other generalizations of the loop algebras for which a global Weyl module 
could be studied. The twisted loop (sub) algebras of g (8) C[t^^], here denoted L^{q), are the 
algebras of fixed points in g ® C[t^^] under a group action of L = Z/mZ obtained from an order 
m Dynkin diagram automorphism of g (L acts upon C* by multiplication with an m^^ primitive 
root of unity; using the induced action on the coordinate ring, we have a diagonal action on 
g (8) C[t='=^]). In jCFSOSj . local Weyl modules were defined and studied for these algebras. The 
main result was that any local Weyl module of L^{q) can be obtained by restricting a local Weyl 
module for L(g). 

More generally, let P be any finite group, acting on g and an affine scheme X by automorphisms. 
The Lie algebras {g^A)^ of equivariant regular maps from X to g are called the equivariant map 
algebras. Their finite-dimensional simple modules were studied and classified in |NSSj . Local 
Weyl modules for an equivariant map algebra were defined and studied in [FKKSj in the case 
when F is abelian and its action on X is free. Analogous to the case of twisted loop algebras, it 
was shown again there that any local Weyl module for (g (8 A)^ can be obtained by restriction 
from a local Weyl module for g (g) ^. 

Let A = C[i] and F = 'L/m'L as above, acting upon C by a primitive m*^ root of unity. When 
F 7^ 1, this action is not free, and the results of |FKKSj do not apply. Local Weyl modules were 
studied and defined in [FKj . It was shown that there exist local Weyl modules (supported at 
the origin) which have no counterpart in the category of modules for g (8 C [t] . 
All of the above mentioned papers concerning fixed-point algebras have studied only finite- 
dimensional representations and, in particular, only the local Weyl modules. The notion of a 
global Weyl module for all of these algebras has never before been approached. 
In this paper, we define for any dominant integral weight A of the fixed-point algebra go of g a 
global Weyl module {X). We also describe its highest weight space A^, by giving it a natural 
algebra structure, and define a Weyl functor from the category of left A^-modules to the 
category of integrable L'"(g)-modules. As in [CFKlOj . we obtain, by using the Weyl functor, a 
homological characterization of Weyl modules. We prove that A^ is a finitely generated ring 
of symmetric Laurent polynomials. We identify its maximal spectrum with equivariant finitely 
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supported functions from C* to P"*" (analogous to |NSSj ) as well as with certain finite multisets. 
Furthermore, we prove there is a canonical embedding of into for all fi € satisfying 
/i Ifjp = A, where tjo is the fixed-point subalgebra of a Cartan subalgebra f) of q. Using results 
from |CFS08] . we show that W^{X) is a free module for A^. The global Weyl module W{fi) 
{l-L € P^) for the loop algebra L{q) is, via restriction, also a module for LF {q). Furthermore, if A 
is a dominant integral weight of go, then 0^ (where the sum is taken over all ^ : /i Ij^^ = A) 

is a L'"(0)-module and our main theorem compares this module with W^{X): 

Theorem. Let A be a dominant integral weight of go- Then there exists a natural embedding 
of L'"(0)-modules 

where the sum is over all ^ G satisfying ^\^^ = X. 

This result might suggest an approach to define global Weyl modules in a more general setting. 
A significant obstruction to do so for equivariant map algebras is the absence (in general) of a 
non-zero Cartan subalgebra; hence the notion of weights is unavailable. 

Some motivation for our work also comes from the finite-dimensional representation theory of 
the quantum affine algebra, where relationships are known ( |HerlOl Theorem 4.15]) between 
Kirillov-Reshetikhin modules for the twisted and untwisted algebras. 

This paper is organized as follows. In Section [2] we give basic definitions and notation, and recall 
the known facts about simple modules for L{q) and LF {q). In Section[3]we define our main object 
of study, the global Weyl module, and state the main result (Theorem [331) • Section[l]is dedicated 
to the analysis of the Weyl functor and its properties; it is also shown that the global Weyl module 
is finitely generated as a module for the finitely generated algebra A^^. In Section [5l the algebra 
A^^ is analyzed and identified with a ring of symmetric Laurent polynomials. Section O recalls 
the various definitions of local Weyl modules and gives the proof that the global Weyl module 
is free as an A^~module. Finally in Section [7] the main theorem (Theorem \'AA\ is proven. 
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2. Preliminaries 

2.1. Throughout the paper C denotes the set of complex numbers and Z+ the set of non- 
negative integers. Let g be a finite-dimensional simple Lie algebra of rank n with Cartan 
matrix {aij)ij£j where I = {1, ■ ■ ■ ,n}. Fix a Cartan subalgebra t) of g and let R denote the 
corresponding set of roots. Let {ai}i^i (resp. be a set of simple roots (resp. fundamental 

weights) and Q (resp. Q^), P (resp. P+) be the integer span (resp. Z^-span) of the simple 
roots and fundamental weights respectively. Denote by < the usual partial order on P, 

X,IJ.eP, X<n fi-X£Q'^. 

Set = Rf] and let 9 be the unique maximal element in R~^ with respect to the partial 
order. 

We fix a Chevahey basis X^, Hi, a & R^ , i e / of g and set = X^., Ha = [X^,Xa] and 
note that Hi = Hc^. For each a € i?"*", the subalgebra of g spanned by {X^, Ha} is isomorphic 
to 5(2. Define subalgebras of g by 

and note that 

g = n" e f) e n+. 

Given any Lie algebra a, let U(a) be the universal enveloping algebra of a. The map x 1— ?> 
xC5l + l(8>x, xGa extends to an algebra homomorphism A : U(a) — ?• U(o) ® U(a). By the 
Poincare-Birkhoff-Witt theorem, we know that if b and c are Lie subalgebras of such that 
= b © c as vector spaces, then 

U(a) ^U(b)®U(c) 

as vector spaces. 

Let (T be a diagram automorphism of g of order m and take T = (a) = Z/mZ. Fix ^ a primitive 
^th q£ ^ Then g decomposes as 

m— 1 

5 = 0s 

s=0 

where 

Qs = {x e g : a{x) = Cx} . 

This provides a F-grading of g. Given any subalgebra a of g which is preserved by F, set 
fls = gs n a. The following is well known (see for example |Car05j or |Kac901 Chapter 8] ) . go is a 
simple Lie algebra and f)o is a Cartan subalgebra of go, and we denote by Rq the corresponding 
set of roots. We fix a set of simple roots {ai}-^j^, and let Qo (resp. Qq), Pq (resp. P^) be the 
integer span (resp. Z+-span) of the simple roots {ajjjgj^ and the weights {a;j}jg/Q (resp. in the 
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case where g is of type ^2n the span of {t^i}ie/o\{rank0o} U {2tJrankgo}), respectively. Moreover, 
Qs is an irreducible representation of go for all s, and 

n± n go = = (g)±a- 

We set f)o = n 00, so we have g = Uq © f)o © is a triangular decomposition of go- The rank 
of go is equal to the number of orbits of / under the induced action of F. We identify this set 
of orbits with an index set for the simple roots of go, and further identify this with a subset 
Jo = {1, • • • , go} C / by choosing a representative of each orbit. 

As f)o ^ f), we have a natural map f)* — » Piq; furthermore our choice of Chevalley basis elements 
{hi} is such that P — » Pq. If A € -P, we denote its image under this projection by A € Pq. It will 
sometimes become convenient to label elements in Pq as images of this projection, and if not, 
the context will clarify whether a functional A lives in P or i-Q- 

As diagram automorphism, the group T acts upon the nodes {1, . . . ,rk(g)} of the Dynkin di- 
agram of g, and for a node i of this diagram we denote by Fj the stabilizer of i in T. More 
generally, T acts on R and we denote by Fq, the stabilizier of a. For a (z Rq, we often choose a 
preimage lying in R, and when this will not cause confusion, we also label it a. For < k < m 
and a ^ Rq, we define the following elements ha{k) € f) n g^, x^{k) G n g^: 

^ m—l m—1 

If g is of type and a & Rq'vs, a. short root, we have the additional elements with 

Cx±(l) = C[X±,X±„)]. 

Observe, that if F^ = F, then /iq,(0) = /ia(e) for all < e < m. We set hi{k) := h^^ik), 
xf{k) := x^^{k) and observe hi = hi{0), xf = xf{Qi). 

Then for all a;^(0) € (go)a; ^a(O) € f), the subalgebra generated by {3;^(0), /iq(0)} generate a 
Lie algebra isomorphic to s[2, and {2;^ (0), /ijjjj^j-^^ aeR+ ^ Chevalley basis of go; see jFKj for 
details. In the case when F = Id, we have go = g, Xq,(0) = Xa, ha{0) = Ha, P^ = P^ and 

Qo = Q^- 

2.2. Let A = C [t^^] and let be a fixed vector space complement to the subspace C of A. 
Given a Lie algebra 0, define a Lie algebra structure on a0 A, by 

[x (S> a,y ® b] = [x,y] ab, x,y £ q, a,b e A. 

Definition. The Lie algebra © A is called the loop algebra of a and is denoted by L{a). 

We will denote hy T : A ^ A the group action of F on yl given by extending the map a :t ^ C,t 
to an algebra homomorphism (recall that <^ is a primitive m*^ root of unity) . Then A decomposes 
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as 

m—1 

where Ag = {a e A : a{a) = C^'a}. We then have = C [t^'^] and Ag = ^Aq. The hnear 
extension of the map a : x^t^ ^ a{x)<^a{t^) for ah a; € g, € Z is a Lie algebra automorphism 
of (8) ^, and the set of fixed points 

m—1 

(0 <8) = 0. «) A^s 

is a Lie subalgebra oi q® A. 

Definition. The Lie algebra (0 ® A)^ is called the twisted loop algebra of g with respect to F; 
we will denote this algebra by LF{q). 

These loop algebras occur as a main ingredient in a realization of the affine Kac-Moody algebras 
and also of the extended affine Lie algebras; see for example |Car051 Chapter 18] or |Kac90j for 
details. For any subalgebra a of which is invariant under the action of F, we set {(x) = 
{a(^Af. 

As F is generated by a diagram automorphism of 0, the subalgebras n^, f) of are each preserved 
by F and hence ^^(0) inherits the triangular decomposition of 0: 

L^{Q) = L^{xr)®L^{^)®L^{n+). 

We briefly mention a more geometric realization of these loop algebras. The ring A is the 
coordinate ring of the affine variety C*. The Lie algebra g can be viewed as an affine variety, 
and if we denote by M(C*,0) the Lie algebra of regular maps from C* to (where the bracket 
is defined pointwise), the group action of F on and on A (hence on C*) extends to an action 
F : M(C*,0) M(C*,0). Then it is easy to see that M{C*,qY ^ -^^^(0); we cah such a 
realization of LF {q) an equivariant map algebra (see |NSSj for more details). 
We identify a with the Lie subalgebra a (8) C of a (8) ^. Similarly, if b is a Lie subalgebra of a, 
then b ® A is naturally isomorphic to a subalgebra of a (X" A. Finally we denote by U(0 (8 A^) 
the subspace of U(0 (8 A) spanned by monomials in the elements x (Si a where x £ q, a £ A^. 

m—1 

If Jo is any ideal in Aq, then 0^ t~^Jo is clearly an ideal of -^^"(0); conversely, the following 

s =0 

can be deduced from |CFS08) or |LaulOj . 

Lemma. Let J be an ideal of ^^"(0). Then there exists an ideal Jq ^ Aq such that J = 0^ (8 t^^jQ. 

2.3. A very important tool for understanding and analyzing modules for loop algebras has been 
the use of results for L(s[2). In the twisted loop setting, we will once again use results for the 
smallest available twisted loop algebra. Namely, let = sl^ and F be induced by the non-trivial 
Dynkin diagram automorphism of 0. Then in our notation, the fixed-point algebra is denoted 
by L^isis). In this case 00 = s[2 and 0i = V{4:Lo), the five-dimensional irreducible s[2-module. 
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In contrast with the loop case, the twisted loop algebras are in some sense built from copies of 
L(s[2) and ^'"(bIs). The following lemma, proved in |FKj . makes this idea precise. 

Lemma. 

(i) If is of type A2n, then we have canonical isomorphisms 

Lish) ^ sp {xtij) ® KU) ® t™^"^' \ seZ, 0<j<m-l}, 

if a is a long root, and 

L'^isk) ^ sp {xtU) 1^'-', x± (j + 1) r^-^ haU) r^-^' \ seZ, 0<j <m-l}, 

if a is a short root. 

(ii) If is not of type A2n, then we have canonical isomorphisms 

L(s[2) = sp {x^(0) ® K{0) t™* I s G z} , 
if a is a long root, and 

L{sl2) ^ sp {xtij) t"^-^ KU) ^ t""'-^ I s G Z , < j < m - 1} , 
if a is a short root. 

□ 

2.4. Let y be a 0-module. We say that V is locally finite-dimensional if any element of V lies in 
a finite-dimensional 0-submodule of y. A locally finite-dimensional 0-module V is isomorphic 
to a direct sum of simple finite-dimensional 0-modules and hence we can write 

where Vx = {v e V : h.v = X{h)v, h G [}}. We set 

wt{V) = {A G t)* : Fa / 0}. 

For A G P"*", let V{X) be the finite-dimensional simple 0-module of highest weight A. It is well 
known (see, for example, |IIum72j ) that V{X) is generated by an element vx G V{X) satisfying 
the defining relations: 

n+.vx = 0, h.vx = X{h)vx, {x-)^^''^^+\vx = 0, 
for all /i G f), i G /. Moreover, 

wt(T/(A)) C A - Q+, dimy(A) < oo, 
and any simple locally finite-dimensional 0-module is isomorphic to V{X) for some A G . 

Remark. We will often use these results in the case for qq, whose simple finite-dimensional 
modules are then parametrized by elements in Pq . 
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2.5. In this section, we will recall results on the classification of simple finite-dimensional 
modules for L(g). We begin with the definition of an evaluation module. Given A € and 
a € C*, the the g-module V{X) has an L(g)-module structure given by 

(x (g) t^).v = a"x.v for ah x e Q , v e V{X). 

We denote this module by T4(A). Clearly, since V{X) is a simple g-module, V'a(A) is a simple 
L(g)-module. This result has a generalization for tensor products of simple modules. To state 
this result, we will first introduce some useful terminology, due to |NSSj : 
Let H be the monoid of finitely supported functions from C* to P^. Thus, for ^ G H, 

supp(C) := {aeC* \ e(a) / 0} C C* 

is a finite set. We define the weight of ^ € H by the formula wt(^) := Yla€supp{^) ^('^) ^ 
Consequently we have 

= = U 

\eP+ 

where = {.^ € H | wt(^) = A}. We associate to each ^ € H an L(g)-module 

vr-= (g) 

aGsupp(^) 

The following characterization of simple finite-dimensional L(g)-modules was proved in [CPOlj . 

Theorem. is a simple finite-dimensional L(g)-module. Moreover, if 1/ is a simple finite- 
dimensional L(g)-module, then there exists ^ G H, such that V = V^. 

2.6. Before recalling the results on simple finite-dimensional modules for L^(g), we will intro- 
duce the necessary notion of admissible sets. 

Definition. A finite subset X C C* is called admissible, if for all a 7^ 6 € X we have 

r.anr.6 = 0. 

We say a finitely supported function ^ G H is admissible if its support supp(^) is an admissible 
set. Furthermore, for every finite subset X C C*, we denote by Xadm a maximal admissible 
subset (clearly this set is not unique, but for our purposes the uniqueness will not be necessary). 

Now, observe that any Dynkin diagram automorphism a induces an automorphism of P^ given 
by the formula <T(a;j) = ^^-(i)- As stated in Section [2.21 the group of automorphisms T acts also 
on C* by multiplication with a primitive m''^ root of unity. 
We say ^ G H is equivariant with respect to F, if 

^(o-(a)) = a{C{a)) for aU a G C* and cr G F. 

We denote by the set of equivariant functions in H. The following was proved in |NSSj . 

Theorem. parametrizes the simple finite-dimensional L'"(g)-modules. 
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For the reader's convenience, we recall here the assigment of a simple module to an equivariant 
function. In order to do so, we introduce the symmetrizer map S : H — > rF, given by 

^ 1-^ fj o ^ o a^^ . 

Clearly, this function is well-defined, since the right hand side is by construction equivariant. 
Given x S H^, a function ^ e H is called x-(^dmissihle if S(^) = x a-^d supp(^) is an admissible 
set. Before continuing, we observe that for each x ^ ^ there exists at least one x-admissible 
function, constructed as follows. 

Let X £ and choose a maximal admissible subset Xadm C supp(x)- For a € C*, define ^ G H 
by 

^, . if a G Xadm 

iia) := ^ 

a ^ Xadm 

v 

Then is finitely supported, and supp(.^) is admissible by construction, with S(x) = 
The following was shown in ( |LaulOj . |NSSj ): 

Lemma. Suppose ^ G S is admissible. Then the L(0)-module is simple as an L'"(0)-module. 
Moreover, every simple L^(g)-module is obtained in this way. 

The parametrization of Theorem l2.6l is completed by observing that for two admissible functions 
£ ^ with = ^{^2), we have 

V^-^ = V^^ as L^(g)-modules. 

We shall also define the weight of an equivariant function x G S'"- This was done before for 
elements from S, but it is important to note that although C H, the weight of an element in 
considered as an equivariant function is different from its weight considered as an element 
in H. To define the weight of Xi let ^ G H be x-admissible and set 

wto(x) = wt(0 G P+. 
We observe here that the weight is independent of the choice of 

3. The category 

In this section we will (by analogy with [CFKlOj ) define the category of locally finite modules 
and the global Weyl modules. We keep the exposition as short as possible without sacrificing 
necessary detail. 

3.1. Let be the category whose objects are modules for L^{q) which are locally finite- 
dimensional go^niodules and whose morphisms are 

Homjr(F, V) = Hom^r(g)(y, V'), V, V G . 

Clearly is an abelian category and is closed under tensor products. We shall use the following 
elementary result often without mention in the rest of the paper. 
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Lemma. Let V G ObX'". 

(i) If I/a / and wt y C A - Q^, then A € Pq^ and 

If in addition, V = U(L'"(g)).VA and dimVx = li then V has a unique irreducible quotient. 

(ii) UV = \J{L^{q)).Vx and L^{n+).Vx = 0, then wt{V) C X - . 

(iii) If y € is irreducible and finite-dimensional, then there exists A G wt F such that 

dimT/A = l, wt(T/)cA-Q+. 

□ 

3.2. We recall here the definition of the global Weyl module for L{q) (due to [CPOlj ): it will 
play a crucial role in all that follows. 

Definition. Let A € P'^. The global Weyl module T^(A) is generated by a non-zero vector wx, 
subject to the defining relations: 

L{n-^).wx = 0, (H ^l).wx = XiH)wx, iXr)>^(^^)+\wx = 0, iel, Het). 

The study of these modules initiated a series of papers ([CPOT], \CLm\ . [FL07\ . [Nao] . (BN04]), 
and we give here a brief summary of the results contained therein. 14^ (A) is an integrable 
projective module in a certain category (see Section [3?3l) . Furthermore, VF(A) is a free module 
of finite rank over the algebra 

Aa := U(L(t)))/ Annu{L(h)) -"^A, 
which is isomorphic to a Laurent polynomial ring in finitely many variables. 

3.3. Given an integrable left go-module V, it is a standard fact of relative homological algebra 
that 

is a projective L'"(g)-module. Moreover P^{V) lies in I^. Furthermore, if A € Pq , then 
P^{V{\)) is generated as an L'"(g)-module by a non-zero element v with relations 

n-^.v = h.v = X{h)v, (xr)^('^')+^i; = 0, i £ Iq, h e [jo. 

For u G Pfl and V eOhl^, let V G Ohl^ be defined by: 

(3.1) V':=V/Y,U{L^{e))V,. 

Equivalently, this is the unique maximal L^{q) quotient W of V satisfying wt{W) C u — Qq. 
A morphism tt : V ^ V' of objects in clearly induces a morphism tt'^ : i^'Y ■ Let 

be the full subcategory of objects V £ such that V = V^. U V £ Ohl^, then its weights 
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are bounded above by v and, since it is integrable, it decomposes into a direct sum simple 
finite-dimensional go-modules. Hence, 

(3.2) y G ObX^ ^ #wty < C30. 
Remark. If A, G P+, then P^{y{\)Y G ObZ^. 

We are now able to define the main object of study for this paper: 
Definition. The global Weyl module of weight A G Pq for L^{q) is 

The following proposition is proved analogously to [CFKlOl Proposition 4]. 
Proposition. W^{X) is generated by a nonzero element wx with relations 

(3.3) L^{n+).wx = 0, h.wx = X{h)wx, (x-)^(^'(o»+i.u;a = 0, i £ Iq, h€i)o. 

3.4. For /i G P"^, W{id) may be viewed as a module for L^{q) by restriction, in which case the 
highest weight vector will be of weight /2. It follows that there is a natural map W^{j2) — > W{fi). 
The immediate questions, whether this map is injective or surjective, must be answered in the 
negative in general. Nevertheless, we shall find an L(g)-module into which a global Weyl module 
for L^{q) embeds: let A G and consider 

fieP+ : p.=X 

This is clearly a module for L{q) and hence, by restriction, for L^(g). The main result of our 
paper is that W^{X) appears as a submodule of W. 

Theorem. Let A G Pq . There is an injective homomorphism of L'"(g)-modules 

71= A 

induced by the assignment 

H> w := ^ w^. 

By Proposition 13.31 it is clear that this assignment gives a homomorphism of L^(g)-modules. 
The remainder of the paper is devoted to the proof that the map is, in fact, injective. 

4. The Weyl functor and its properties 

For A G P^, we denote by Annu(j;^r(-(,)) wx the annihilator of wx in U(Lr(f))). This is an ideal 
in U(L'"(f))), and we define as the quotient of \J{L^{t))) by this ideal: 

Aa := V{L^m/Ann^^LrmWx- 

Clearly, is a commutative associative algebra and we will see in Theorem 14 .41 that it is finitely 
generated. 
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4.1. We define a right module action of on W^{X) as follows: for a € and u G U(L^(g)), 

uw\.a := ua.w\. 

The verification that this map is well-defined is straightforward; see [CFKlOj for details. For all 
/i G Pq , the subspaces W^{\)f^ are -L'"(f))-submodules for both the left and right actions and 

Annu(ir(f,)) w\ = [ue U(L^(f))) : wx-u = = u.wx] 
= {u € U(Lr(f))) : ^^^(A).^ = 0} . 

Therefore 1^'"(A) is an (L^(0), A^)-bimodule and each subspace VF^(A)^ is a right A^-module. 
Moreover, W^{X)\ is an A^-module and 

W^{\)X =j,r Al 

Let mod A^ be the category of left A^^-modules. 

Definition. Let : mod A^ — t- be the right exact functor given by 

where M G Ob mod A^ and / G Hom^r (M,M') for some M' G Ob mod A^^. We call this 
functor the (twisted) Weyl functor. 

The go-action on W^M is locally finite (since W^{\) G ObX[), so that W^Af G ObX[, and 

W^A^ -^r(g) W^iX), (WlM), -^r ^^^(A)^ ^^r M, 
for fi e Po, M e Ob mod A^. 

4.2. In this section we adapt results from [CFKlOj and state them without proofs, since these 
proofs carry over almost verbatim from the case of untwisted loop algebras. The first ingredient 
we shall require is the restriction functor, which will be right adjoint to the Weyl functor. For 
this we need the following lemma, whose proof can be found in [CFKlOt Lemma 4] . 

Lemma. For all A G Pg^ and V G ObZ^ we have Annj^r(^^^{w\).Vx = 0. 

As a consequence, we see that the left action of U(L^(f))) on Vx induces a left action of A^^ on 
Vx, and we denote the resulting A^-module by RpF. Given vr G Homjr(y, F') the restriction 
'''"A : ^ Vx ^ morphism of A^-modules and 

defines a functor 

R^ : Z[ — y modA^ 

which is exact since restriction of vr to a weight space is exact. If M G Ob mod A^, we have an 
isomorphism of left A^-modules, 
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and hence an isomorphism of functors M^^r = RpW^. 

We may apply the restriction functor to an object of X^, then apply the Weyl functor and obtain 
once again an object of X^. The following proposition shows the relationship between these two 
L'"(0)-modules. 

Proposition. Let A G Pq' and V G ObX^. There exists a canonical map of L'"(g)-modules 
'nv : W^R^y ^ V such that r] : W^R^ ^ Id^r is a natural transformation of functors and Rp 
is a right adjoint to W^. 

As an immediate consequence we obtain with standard homological methods: 

Corollary. The functor maps projective objects to projective objects. 

We now have all the ingredients necessary to state the main result (Theorem 1) of jCFKlOj 
in the case of twisted loop algebras. The proof carries over almost identically, hence will be 
omitted. 

Theorem. Let A G Pq^ and V G ObX[. Then V ^ W^R^V iff for ah U G ObXf with Ux = 0, 
we have 

(4.1) Homjr(y, U) = 0, Ext^riV, U) = 0. 

4.3. Another consequence of Proposition is the one-to-one correspondence between maximal 
ideals of and simple modules of LF {q) of highest weight A. 

Lemma. For A G Pq , there exists a natural correspondence between maximal ideals of and 

Proof. Let m G Max A^^. Then W^(A^/m) has a unique simple quotient of highest weight A, 
denoted by V^^ (as in Section [231) • On the other hand, let ^ G and be the corresponding 
simple -L'"(g)-module (Theorem 12. 6p . Then RpV^ is a simple A^^-module, and so there exists 
m^ G Max A^ such that 

Since Rp is right adjoint to W^, we have = C m = '^^m- '— ' 

4.4. In this section, we will prove that the global Weyl module is finitely generated as a right 
A^-module. This result is analogous to [CFKlOl Theorem 2], but requires a new proof when 
r / Id. 

To clarify the importance of this result, first recall that the global Weyl module is infinite- 
dimensional, and even decomposes into infinitely many simple 0o-™odules. By applying the 
Weyl functor on one-dimensional A^-modules we obtain the so called local Weyl modules (see 
Section [6|). Once we show that the global Weyl module is finitely generated, we can deduce that 
the local Weyl modules are finite-dimensional (see [CFS081 Proposition 4.2]). 
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Theorem. W^{X) is a finitely generated right A^^-module. 



Let u be an indeterminate and for a G Rt , we define for all ^ > 1 the following power series in 



u 



with coefficients in \J{L^{[))): 



k=l 



Let Pa,e{u) = Yl'^=o'P'a ■ Note that = 1, and that p;^ ^ is contained in the subalgebra 
generated by { /iq (8) t^*^ : < /c < j } . For the proof, we need the following lemma, which is an 
immediate consequence of |CFS08l Lemma 2.3] via the substitution 1 1— )• . 



Lemma. Let a G Rq and r G Z_|_. Then if 



G < 



Z>o , if a G [Rq)s and g is not of type 
mZ>o , if a G {Rq)i and g is not of type 
2Z>o , if a G (i?o)s and g is of type 
Z>o , if a G {Rq)i and g is of type ^2n 



we have 



GU(Lr(g))U(Lr(n+)). 



□ 



Using this containment, we now prove the theorem. 

Proof. Since {X) is an object of T\ (see Remark l3.3p . we know that #wt(VF'"(A)) < oo. It 
follows that for any monomial u G U(L^(g)) with wtgp(u) 7^ 0, and any v G W^{\), there exists 
N > such that u'^.z; = 0. In particular, W^{X) is locally finite-dimensional for any vector of 
the form x ® t^, x G n~ n g^, /c = — e mod m. 

Let A G Pq and a G Rq . We set ^ = 1 if g is of type and a is a long root, or g is not of 
type A2n and a is a short root. In any other case, we set i = m. By setting r = X{ha), we see 
from the defining relations of W^{X) and the lemma above that 



(4.2) 



(g) r' .wx 



which, after an inductive argument, implies 

(x~ (g) t'^''^ .wx G sp I (^x~ t'^'^ wxAI : < s < A(/ic,)} . 
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Additionally we must consider the elements x~ ® t and x^^, ® t, when g is of type and 

G (-Ro)s- We proceed with the latter case, the former being very similar. 
Set (3 = 2u and let a be the Lie algebra generated by the elements 

x^(g)t2''+\ ]^hu®t^'\ qez, 

then we have a Lie algebra ismorphism to L(sl2) (by Lemma l2.3p . given by 

Lemma 14.41 gives us 
where we define G by 



=exp I 

Again, since {X) is integrable, we have 



i=o \ fc=l 



for r ^ 0, and the second case is proven. 

To complete the proof of the theorem, let {/3i, • • • ,/3Ar} be an enumeration of Rq U R~[ (resp. 
Rq U Ri U i?^). Using the PBW theorem, we can see that elements of the form 

for < ej < m, f3i. G {/3i, . . . , /Jat}, 1 < ii < ^2 < • • • < < A^i ^ G Z4., and = 
mod m, generate VF'"(A) as a right module for A^. Using this spanning set and the fact that 
^wt(M^^(A)) < 00, an inductive argument on the length i of a monomial from this spanning 
set shows that W^{X) is finitely generated as an A^-module. □ 



5. The algebra A^ 

In this section we will give an explicit description of the algebra A^ and deduce that it is finitely 
generated. 
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5.1. We continue to follow the model of [CFKlOj . That is, we identify with a ring of 
symmetric polynomials. To begin, recall that a basis for L^{1)) is given by the set 

{hi{e) (g) t""^-' : ielo, l<e<m-l, keZ} = {hi{k)®t-^ : keZ, ie Iq}, 

where k denotes the least nonnegative residue of k modulo m. 
Set A{k)=C [t^^] and for A = Ylieh ^^^^ ^ ^o^' ^"^^^^ 

Now we identify a natural generating set of A^. 

For N G Z+ and B any associative algebra over C, we define a homomorphism of algebras 
sym^ : B — )• i?®^ by the assignment 

e=o 

Now set 

syml(6) = l«5^(E,<, /^.O ^ sym;,(;,^)(6) O 1®^E.>.^^) 
for i £ Iq. Taking B = ^(|rj|) for i € /q, we clearly have 

{syml(i'=) : A: G |r,|Z} C A^;. 
The following lemma makes clear the role of these elements in generating A^^. 

Lemma. The set 

{sym\(t'=) : ielo, kG |r,|Z, |A;| < X{hi)} 
generates A^ as an algebra over C. 

Proof. Fix i G Iq and set N = X{hi). It is weh known that the algebra A((|rj|)®^)^^ is 
isomorphic to the polynomial algebra C[fi, f2 ■ ■ ■ , Jn , fj^^], where the fi are the elementary 
symmetric functions in the variables t^^'', . . . jilv''- other hand, the element sym^(t'') 

corresponds to the power sum gi^ of degree A:|rj| in the factor j4(|rj|)®^, so that we have 

Cbi, . . . , 57v] = C[t\[i . . . , ilJ^']^^ = C[/i, ...Jn]. 

In order to prove the lemma, it therefore suffices to check that f^^ lies in C[g^i, . . . , g~N]- But 
this is clear, since 

GC[t7l^'l,...,i/'l]^^ ^C[<7-i,...,5-iv]. 

□ 

As a consequence of Lemma 15. !( we see that the assignment 

hi{k) (S) ^ sym\(t"''), i G Iq, A; G Z 

extends to a surjective homomorphism of algebras f\ : \J{L^(\})) A^. We shall show in the 
rest of this section that fx descends to an isomorphism tx : A^ = A^^. 



GLOBAL WEYL MODULES FOR THE TWISTED LOOP ALGEBRA 17 

5.2. The first step is to provide a natural correspondence between and the maximal spectrum 
of A^. This description of Max(A^) will be used in the sequel to show that and are 
isomorphic as algebras. To describe the correspondence, we introduce an alternate description 
of the maximal ideals in A^ in terms of multisets on the maximal ideals of ^(|rj|). 

For any set 5, let A4{S) be the set of functions f : S ^ Z+ satisfying the condition that f{s) = 
for all but finitely many s € 5. Such a function is called a finite multiset on S. M{S) forms a 
commutative monoid under the usual addition of functions. The size of / € A4{s) is given by 
the formula 

i/i = E/(^)- 

sg5 

We also note that any element of M{S) can be written uniquely as a Z_|_-linear combination of 
characteristic functions Xs for s £ S, defined by Xs{b) = 5s.b for 6 € 5. 

5.3. We shall use this language to describe the maximal ideals of the tensor product A^. It is 
clearly enough to classify the maximal spectrum of rings (yl(|rj|)®^)'^'^ for i € Such ideals 
are given precisely by unordered ^-tuples (with possible repetition) of maximal ideals of A(|rj|), 
i G Jo, i-e. by elements f (Max(^(|ri|))) with |/| = i. 

Since the maximal ideals of ^(|ri|) are principal ideals generated by polynomials t''"'' — a''"'! for 
a € C*, we may view elements of Ai (Max(A(|rj|))) as multisets consisting of orbits of C* under 
the action of Tj . 

Abbreviating (Max(74(|ri|))) by Aii, the product ^A = Hie/o ^ commutative 
monoid, and for / € we set wt(/) = J2ieio \fi\^i ^ ^o^- Defining 

Mx = [feM: wt(/) = a} , AG P+, 
we see that Max (A^) is in bijective correspondence with A4x. 

In this language, any ^ G H can be written uniquely as a linear combination of fundamental 
weights cjj, i G /, with coefficients from A4{C*): 

where for ^ = fi^i ^^"^ ^ Max(^), we have ^(c) = Xlie/ fi{c)^i ^ 

5.4. Next, we exhibit an isomorphism of monoids between A4 and rJ". Observe that for each 
i Iq there is a surjective morphism of monoids 

defined by extending the assignment Xa '-^ Xa, where a is the orbit of a under the action of Fj. 
If Fj is trivial, then of course vTj is simply the identity map. We describe some of its further 
properties in the following lemma. 

Lemma. Let ^ = Yliei f^^^ Then 
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(1) For all 7 G r and i G I we have iTi{fi) = 7rj(/^(j)). 

(2) For each a € C* and i £ I, we have 

(5.1) 7Ti{fi){a) = \r,\fi{a) e \ri]z+. 

Proof. For the first part, observe that by the equivariance of ^ we have 

(5.2) /^(7(«)) = Aw(«) 

for i S /, 7 S r and a € Max(^). The result now follows by the definition of VTj. 

For the second assertion, there is nothing to prove unless Fj = F, that is = i for all 7 € F, 

in which case the result follows from Equation (j5.2p and the definition of VTj. □ 

Now construct a morphism of monoids a : rJ^ M: given an equivariant function ^ G H'", 
write ^ = ^^/jWj and define a(^) G by the formula 
iei 

(5.3) a{0 ■■= (T^Mn)) ■ 

It follows from part (ii) of Lemma 15.41 that a is injective, so it remains to show that it is 
surjective. For this, fix 

9 = {9i)i£io e -M. 
To find a preimage of g under a, define fi G ^A{C*) for i G Iq by 

J 5i(«) if = 1, 
\ gi{a) if Ti = F, 

so that fi is clearly constant on the orbits of C* under F,. It follows that fi satisfies Equation lS.H 
and hence 7rj(/j) = |Fj|(7j. Hence, a is an isomorphism. 

Finally, we show that a induces a bijection Max(A^^) o H^^. For this, it suffices to show that 
for ^ G H'", we have 

(5.4) wto(e) =wt(a(e)), 
which follows from the observation that 

wto(0 = ^Tfr-Afi\ ^i, for C = XI f"-^"-- 
5.5. The next step is to show that fx descends to a surjective homomorphism of algebras 

For ^ G H^, define evg : U(L^(f))) ^ C by extending the assignment 

(5.5) hi{k)(g)t-''^ a-''i{a){hi{k)), i e Iq, k£Z, 

aCsupp(5) 

SO that 

u.v = evg(n)f , V G (y^)x, u G U{L^{h)). 



f^{a) 
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Since is a quotient of W^{X) for ^ € H^, it follows immediately that 
(5.6) Annu(ir((,))'u;A C |^ ker(ev^). 



For f £ Mx, write evj : A^^ C for evaluation at the maximal ideal of corresponding to /. 
Applying the relevant definitions, we have 

(5.7) ev^_i(^') = ev^-of;^. 
We can now complete the proof that A^ is a quotient of A^. 
Proposition. 

Annu(Lr((,)) C ker(fA). 
Proof. It follows immediately from Equation 15.71 that 

(5.8) ker(evj: o ta) = ker(evg). 

On the other hand, since the Jacobson radical J{A{s)) = for all s G we see that J(A^) = 0. 
In particular, 

(5.9) ker(fA) = Q ker(ev^- o fA). 

The proposition now follows from Equations 15.61 15.81 and 15.91 □ 
Corollary. The map fx descends to a surjective homomorphism of algebras 



5.6. It remains to show that ta is injective. For this, we adapt the argument of |CFK10j . by 
identifying a spanning set of A^^ which is mapped to a linearly independent subset of A^. 

Lemma. The images of elements 



span A^. 



Proof. It is clearly enough to prove that for each i € /q and /ci , . . . , A:^ G Z we have 
(5.10) ]j{hi{ks)0t-''')wxespif[{hi{£s)®t-^^)wx : r < A(/i,)| • 

s=l ls=l J 

We shall prove this statement as Corollary 15.61 below. Assuming it, the lemma follows. □ 
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In order to establish Equation 15. 101 we shall first prove the following, more general, proposition. 
For any element a of an associative algebra and any n € Z, we denote by a^"^ the divided power 
a"/n!, with the convention that a^"^ = for n < 0. 

Proposition. Let k,£ & Z+ with k < i. Given ei, . . . , G Z and i S Iq, we have 

k 2k 

Ylixfies) ® t-^'){x-p = J](xr)(^-)p,(ei, . . . , 6,), 

where Pr.(ei, . . . , e^) is an element of U{LF {q)) in the standard PBW order, having length at most 
k and consisting of homogeneous elements of weight {k — r)ai as an s[2(i)-module. Moreover, 
Pfc(ei, . . . , efc) has, except for terms ending in L'"(n"^), a unique term of length k, which is 
\t=l{h^{es)®t-^^). 

Proof. The proof proceeds by induction on k. For the base case, a simple induction on ^ shows 
that 

(5.11) (x+(6-) = {xTf\xt{l)®t-^) 

Now assuming the result for k < i, we prove it for k + 1. By the induction hypothesis and 
repeated use of Equation 15.111 we have 

k+l 2k 

Hixfies) ® t--)(xr)W = J^(xr)(^-)(x+(e-,+i) ® t-^-^^)Pr{eu . . . , 6,) 

s=l r=0 

2k 

+ Y.(xrf""^){h,{ek+i) t"^'=+^)P.(ei, . . . , e^)- 

r=0 
2k 

+ Y.^xTf~^-^){xT{eu+,) t-'=+0P,(6i, . . . , 6fc). 
r=0 

Reindexing, this is 

2(fc+l) 

(x-)(^-)p.(6i,...,e,+i), 

where 

P^(ei,...,efc+i) = (x+(efc+i)®t-^'=+i)P^(ei,...,efc) 

+ {hi{ek+i) ® t-"'+^)Pr-iiei, efe+i) + ix-{ek+i) t-^'=+i)P,.-2(ei, • • • , Cfc)- 

(Here Pj{ei, ■ ■ ■ , e^) = if j < or j > 2A;.) This element, once it is commuted into PBW order, 
clearly has the correct weight and maximum length. 

It only remains to analyze Pk+ii^i, • • • , Cfc+i)- Any monomial from the third term of this element 
ends in a summand of Pfc-i(ei, • • • ,£k), which has weight 2 and hence, being already in PBW 
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order, must end in some term from L^{n~^). By the induction hypothesis, the second term 
contains the desired product 

fc+i 

s=l 

as its unique term of length k + 1 (modulo L^{n~^)). 
To deal with the term 

we observe that by weight considerations, any monomial not ending in L'"(n'^) must be of the 
form 

Q 

ixr{6) ® t~^) llihiil) ^ t"^^), q<k-l. 
p=i 

Now applying the element {xf{ek-\-i) (8) and commuting to PBW order yields terms that 

end in L^{n~^), together with a term of length q + 1 < k. □ 

Corollary. Fix i £ Iq and ki, . . . ,k£ £ Z. Then 

]J{hi{ks)(^t-''^)wx£splf[{h,{Q(^r^^)wx : r<X{hi)\. 

s=l U=l J 

Proof. By setting k = i in Proposition 15.6^ we see that 

e e 
= n(^*^(^"-) ^ ® l)^^A = n(^*(^"«) ^ *~''0^A + H.wx, i > X{h^) + 1, 

s=l s=l 

where H lies in the span of elements of the form 111=1 (^■5) ® i"^"') with r < £. The statement 
of the corollary now follows by induction on i. □ 

5.7. It still remains to show that the images under tx of the elements from Lemma 15.61 form a 
linearly independent subset of A^. Now, these are 

mi 

(g) J|sym;,(/,^)(r'='^0 : < < A(/ii), /c^,, E 

Since the tensor product preserves linear independence, it therefore suffices to check that for 
each i £ Iq the set of products 

J] sym;,(^,^) : < < A(/ii), /^m ^ z| 

is linearly independent. A slightly more general statement can be found in |CFK10j : we repro- 
duce it and include a proof here for convenience. Recall from Section [5. II that for any associative 
algebra B we have a map sym^ : B mapping 

Af-l 
i=0 
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Lemma. Let 60, 61, . . . € B form a countable ordered basis, with bo = 1 and 6^ G for r > 1. 
Then the elements 

are linearly independent in . 

Proof. The projections onto the summand -B®^ (8" 1®^^^ of the elements listed are 

^ a.{br^ br^ CS) ■ ■ ■ brg) (8) 1®^-^, 
o-eSri, 

where Si acts in the obvious way on i?®^. Since these are clearly linearly independent by the 
choice of br as basis elements, the proof is complete. □ 

5.8. In this subsection, we compare the algebras A;^ and A^. For this purpose, let us examine 

A 



again the symmetrizer map defined in Section [2.61 

(TGr 

If we restrict this map to the functions of weight A € , we obtain a map 



Let be the simple L(0)-module associated to ^ € It follows from the discussion in 

Section [2.61 that is a simple L'"(0)-module if and only if supp(.^) is admissible. On the other 
hand, has, viewed as a -L'"(0)-module, a unique simple quotient of highest weight A; in fact 
this quotient is isomorphic to V£(g), as we shall show in Proposition 15.91 
Recall the evaluation map defined for any ^ G H in [CFKlOj or, for t] E Hp in Section [5.51 

ev^ : U(L(f))) C and ev^ : U{L^{t))) C. 



The following theorem gives a natural embedding between the algebras and A£-, and also 

A 



gives a necessary and sufficient condition on A for this embedding to be surjective. 
Theorem. Let A = ^ niiUJi E P"*", then there exists a natural injective map 

t : AJ Aa. 

Furthermore, l is surjective iff for each i ^ I, \ satisfies the following: 

(1) If T.i = {i}, then = 

(2) If mi 7^ 0, then ?n^(i) = for all cr E F \ {!}. 

Proof. We have seen that A^^ = and from ICFKIOI , we have 

A A 



A, = (g)(^(i; 



(Snii \Srr 



GLOBAL WEYL MODULES FOR THE TWISTED LOOP ALGEBRA 23 

All of these isomorphisms are, by construction, compatible with the embedding of U(L^(f))) 
into U(L(f))). So it remains to show that 

^ Ax- 

A 

It is sufficient to show this for each i G /q- Recall that we have identified Iq with a subset of /. 
We proceed with two exhaustive cases: 

First assume that i € / such that T.i = {i}, so that Fj = F. Then ^(|Fj|) C A{1), so we have 
if rui > 0. 

In the other case, F, = {!}, and we set nj = J2aer "^o-(i)- Then we have 

with equality if and only if the right hand side consists of only one non-trivial tensor factor-i.e., 
"i(T{i) = for a ^ 1, which proves the theorem. □ 

5.9. Let A S amd ^ S ^x- We have seen in Lemma [4. 31 that we can associate to ^ a maximal 
ideal S MaxA^. The simple module Ax/m^ will be denoted by Cg. Similarly, for x € 
we denote the simple A^-module by C;^. 

Using the embedding A^^ ^ Ax of Theorem 15.81 we see that for every ^ G Ex, Ct is a simple 
A^-module. Then we have by construction of the symmetrizer the following: 

Proposition. Let ^ € H^. Then = Cs(g) as A^-modules. 

Proof. In [LaulOl Equation (5.18)], the symmetrizer map was given for multiloop algebras. It 
was shown that for admissible ^ G Ex, = C2(^) as A^-modules. If ^ is not admissible, then 
is not simple as a L'"(0)-module, but has a unique simple quotient. Denote this simple quotient 
by V^'] then ^' € Ex is admissible, = C^/ as A^-modules and = S(^). □ 

6. Local Weyl modules 

In this section, we apply the twisted Weyl functor to a special class of A^-modules, namely the 
simple modules. We have seen that these are parametrized by E^. 

Definition. The (twisted) local Weyl module associated to x S L'"(0)-module 

W^C^ := W'^iX) ^^r 

One compelling reason to study the local Weyl modules is the fact that they admit the following 
universal property: 

Proposition. Let V S ObT^ such that V is generated by a highest weight vector v of weight A, 
and suppose dim Vx = 1. Then there exists x £ such that the assigment wx (>S> I ^ v extends 
to a surjective map 
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Proof. By Lemma 14.21 and since V is generated by v, the assigment wx v extends to a 
surjective map 

W^iX) V. 

Furthermore, Vx is an A^-module and since dimVx = 1, this module is simple. Hence by the 
discussion in Section [5^ there exists x G such that Vx = C^- as A^-modules. We can deduce 
that the map induced by wx i— ?• v factors through the kernel of ev^ and we have: 
wx ® 1 ^ V extends to a surjective map 

and the proposition is proven. □ 

Local Weyl modules for twisted loop algebras have been defined before in |CFS08j . as well as 
in [FKKSj with two different approaches. We will compare these definitions and show their 
equivalences; we begin by defining them for L{q). 

6.1. Let A G and ^ € 'Ex- The local Weyl module associated to ^, as defined in [CFKlOj . is 

W{0 := W{X) Cg. 

Local Weyl modules had been defined previously in |CP01j . but we will use the notation from 
[CFKlOj . It was shown in the aforementioned series of papers ( [CPOlj , |CL06j , |FL07j , |Naoj , 
[BN04]) that 

dimVF(0 = n(dimVF(Ci))™", 

where A = ^niiCOi and is any element of H^.. This implies that the dimension of VF(^) 
is independent of but depends only on A. Furthermore, it has been shown (for instance in 
|CFK10| ). that W{S,) has as its unique simple quotient. 

6.2. In [FKKSj . local Weyl modules for L^{q) were defined to be the restriction of the untwisted 
local Weyl module for L{q); they are parametrized by equivariant finitely supported functions. 
We should mention, that in [FKKSj local Weyl modules were defined in a much more general 
context. Namely, a finite group F acting freely on an affine scheme X and g by automorphisms, 
which clearly includes the case of twisted loop algebras. 

Specifically, let x ^ '^^ and let be a x-admissible function as in Section 12.61 Then one defines 
by restriction the L^(g)-module 

Now, since ^ is admissible, it follows that VF(^) is a cyclic U(L'^(0))-module f jFKKSl Theorem 
4.5]), and it was established in [FKKSl Proposition 3.5] that the definition of W^{x) is indepen- 
dent of the choice of such ^. Moreover, the modules W^{x) satisfy a universal property f [FKKSj 
Theorem 4.5]) similar to the universal property of local Weyl modules for loop algebras ( [CPOlj ) 
and generalized current algebras ( [CFKlOj Theorem 1]). 
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6.3. In |CFS08j . local Weyl modules for the twisted loop algebra were defined by a generator 
w and certain relations. They were parametrized by a set of n-tuples (where n = |/o|) of 
polynomials vr = (7rj)jg/g with constant term 1, and we will denote these modules by W^{ir). 
Their universal property was proven in [CFSOSj Theorem 2]; we cite an abbreviated version here. 

Theorem. Let A G Pq and suppose that V is a finite-dimensional L'"(g)-module generated by 
a one-dimensional highest weight space of weight A. Choose a vector vx £Vx. Then there exists 
an n-tuple (vrj)^^/^ of polynomials such that the assigment w t-^ vx extends to a surjective map 
of L'"(g)-modules 

W^{tt) V. 

The following is immediate from the universal properties established above. 
Corollary. For each x ^ there exists a n-tuple of polynomials (vr) such that 

W^C;, - W^{X) = VF^(vr), 

and vice versa. 

6.4. In |CFS08j . the dimension and character of local Weyl modules have been computed. We 
recall this result ( [CFS081 Theorem 2]) here since it will be useful in the proof of Theorem 13.41 

Theorem. Let A G , and x S H^, then 

dimH^'^(A) 8)Ar = rankA;, W{\) = TT(rankA„. W{uji))'^\ 

In particular, the dimension is independent of x ^-iid depends only on A. Moreover, the go 
character is also independent of x- 

6.5. Using the fact that is a Laurent polynomial ring (Section [5]) and the fact that 

dimVF^(A) (»Ar C;^ 

is independent of Xi we can conclude a result which was previously known for untwisted loop 
and current algebras: 

Theorem. For A G Pq^, W'^{\) is a free right A^-module with 

rankAr {X) = dim W^C^ 
for some, and hence for any, x € HF. 
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It remains to prove the main theorem. 
Theorem. For A € , we have 

71= A 

where the map is induced by 

wx^ w:= y^Wfj,- 
7i=A 

By construction, we have a surjective map 

The idea of the proof is to show that both sides are free A^-modules of the same rank. Together 
with the surjectivity of the above map, this will complete the proof. 

7.1. We have seen in Theorem 15.81 that A^^ C is a subalgebra, for any satisfying fl = X. 
It follows that W{ii) is a right module for A^ and hence 0p=;j ^{lA is a right module for A^. 
Finally, the submodule \5{LF{q)).w C ®-p=\W{^) is a right module for A^, being a quotient 
of W^{X). 

We want to show that \]{LF {q)).w is a free A^-module of the same rank as {X). Now because 
A^ is a polynomial algebra, in order to prove the freeness of \]{LF {q)).w it suffices to show that 
the dimension of 

is independent of the maximal ideal x ^ • 

In order to prove this, we will need the following lemma: 

Lemma. For each x G there exists r € and ^ € S,- such that ^ is x- admissible and 

Assuming the lemma, we prove Theorem l3.4l as follows. Observe that the dimension of the right 
hand side in Lemma l7.ll is independent of ^ and depends only on r: it is equal to the rank of 
W{t) as a AT--module. By Theorem 16.41 we know that for t = ^ niiUi, 

rankA. W{t) = JJCrankA^^ W{LOi)r\ 

i&I 

On the other hand 

rankA^. W{uJi) = rankA„ W{lo^u)). 

To see this, one may recall, that a is an automorphism of L{q), and W{ljj^(^^^) is isomorphic to 
the puUback of the module W{uii) by the automorphism u"^. 
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Using this and the rank formula for the global Weyl module, we obtain that for all ri, T2 € 

with Tl =T2, 

rankA,^ W{ti) = rankA,^ W{t2). 
It follows that the dimension of U(L^(0)).^«(g)J^^C^ is independent of and hence \J{L^{q)).w C 
^p^;^ W{^) is a projective A^-module. Since is a polynomial ring, it now follows from the 
famous result of Quillen that \J{LF {q)).w is a free A^-module. 
Together with Theorem I6.5( this gives for r = A, 

rankA, W{t) = ranker W^{X). 

We therefore conclude that the rank of \J{LF {q)).w C 0^=;^ ^ilA as a A^-module is equal to 
the rank of {\) as a A^-module. Since we already have a surjective map 

and both modules are free A^-modules, the map is an isomorphism and the theorem is proven. 
7.2. It remains to prove Lemma |7. II 

Proof. We start by defining projection maps tTt, for r = A, onto the r-th component of 

71= A 

and by restriction we obtain maps 

TTr : U{L^{q)).w W{t), 

where w = ^j^^x construction, we have 

7T^{\J{L'^{e)).w) = IJ{L^{q)).w^ C W{t), 

the L'"(g)-submodule of W{t) generated through the highest weight vector Wr- 

For X ^ '^^1 ^ he a ^-admissible function (whose existence is assured by the discussion 

in Section [2?6|) and let r = wt(^). Consider the local L(g)-Weyl module 

W{t) ®a. C^. 

We see, since the support of ^ is admissible, that this is a cyclic L^(0)-module, generated by 
Wt-^C^. In fact, W{t)0j^^C^ is by restriction a local Weyl module for L^{q), but by construction 
= as A^-modules. Therefore, we have 

(7.1) Wir) 0A. Cg -ir(g) W^{X) ^^r C^. 

Since C^^ — Cg, we have the trivial isomorphism 

We use the projection map tTt to obtain 
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Combining this projection map with the fact that C A,- is a subalgebra, we have as L^{q)- 
modules 

(7.2) ViL^{e)).w ®j^r ^ {U{L^{q)).w,) 0a. C^- 

With the considerations above (we use that the support of ^ is admissible), we obtain, that 

(7.3) W{t) = {U{L{Q)).Wr) ®Ar = {U{L'^{9)).Wr) C^. 

Combining 17.21 and 17.31 we obtain 

dimU(L^(0)).u; (^^r > dimVF(r) (g)A, C^. 

On the other hand, since \J {L^ (q)) .w ® j^r C^, is a cychc L^(g)-module, generated by the highest 
weight space, we have 

(7.4) W^{\) ®Ar - V{L^{9))-w C^. 
So we obtain 

dimH^'^(A) (g)j^r > dimV [L^ (g)) .w 0j^r C^. 

Concluding we have 

dimV^^(A) (»Ar > dimU(L'^(0)).'u; ^^r > dimt^(r) (g)A, C^, 
With [7?T| we conclude that we have equality throughout. That is, 

W'^iX) ^j^r ^ir(g) lJiL^{5)).W 0Ar =1^^^) W{t) 0a. C^, 
which finishes the proof. □ 
7.3. We shall give some concluding remarks. 

Remark. For A € Pq , it is not true in general that W^{X) embeds into W{^) with fi satisfying 
p, = X. The canonical map, sending w\ to Wf^ is not injective. 

In some cases, however, this canonical map is an embedding. 

Remark. It can be shown that for uji € Pq*", we have W^{uJi) ^ W{ujj), for all j S F.i. 

As mentioned in the introduction, global Weyl modules were defined only for g A. In this 
paper, we have now taken a first step toward equivariant map algebras. In the twisted loop 
case, we still have a Cartan subalgebra, so we have weights and can define the global Weyl 
modules by generators and relations. In the general situation, there might be no non-zero 
Cartan subalgebra, so the existence of weights is no longer assured. The lack of a canonical 
triangular decomposition also makes it unclear how to define global Weyl modules by generators 
and relations. Using our result for twisted loop algebras (the global Weyl module is a submodule 
of an appropriate direct sum of global Weyl modules for L(q)) one may attempt to define global 
Weyl modules for (g A)^ as submodules in a direct sum of global Weyl modules for q A. 
Proving that they admit sufficient properties to justify the name global Weyl module would the 
main task in such a project. 
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